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Abstract—The dynamic response of a penny-shaped crack in a cylinder composite under normal
impact is analyzed. The crack is oriented normally to the interface. Laplace and Hankel transform
techniques are used to reduce the elasto-dynamic problem to a pair of dual integral equations. The
integral equations are solved by using an integral transform technique and the resuit is expressed
in terms of a Fredholm integral equation of the second kind. A numerical Laplace inversion routine
is used to recover the time dependence of the solution. The dynamic stress intensity factor is
determined and its dependence on time, the material properties and the geometrical parameters
are discussed.

INTRODUCTION

Fracture problems involving dissimilar materials weakened by crack-like imperfection have
much attention because of the increasing interest in the analysis of composite structural
failure under dynamic loading. Sih and Chen considered the dynamic response of a layered
composite with a crack under normal and shear impact[1] or a penny-shaped crack under
normal and radial impact[2]. The torsional impact response of a penny-shaped interface
crack in a layered composite has been treated by Ueda er al.[3]. For a strip composite
subjected to normal impact, the authors[4] have provided information on the dynamic
behavior of a crack normal to the interfaces. This paper further applies the method of Sih
and Chen to the case of a cracked cylinder embedded in a foreign material.

In this paper, the normal impact response of a cylinder composite containing a penny-
shaped crack is investigated. The cylinder composite consists of a cylinder that is bonded
to a different medium. The plane of the crack is perpendicular to the axis of the cylinder.
Laplace and Hankel transforms are used to reduce the elasto-dynamic problem to a pair
of dual integral equations. The dual integral equations are solved by an integral transform
technique and the solution is expressed in terms of a Fredholm integral equation of the
second kind having the kernel with finite integrals. A numerical Laplace inversion tech-
nique[5] is used to recover the time dependence of the solution. The dynamic stress intensity
factor is computed and numerical values are shown in graphs for various material properties
and geometrical parameters at designated time instances. As time becomes very large, all
of the results here reduce to the corresponding static solutions[6).

FORMULATION OF THE PROBLEM

Let the cylinder composite shown in Fig. 1 be subjected to a time-dependent applied
stress. The composite consists of an elastic cylinder of radius b with shear modulus ),
Poisson ratio v,, and mass density p, that is bonded to an infinite elastic medium of different
material properties u,, v,, p2- A cylindrical coordinate system (r, 9, z) is attached to the
center of a penny-shaped crack of radius a that is symmetrically situated in the cylinder.
Let the displacement components in the r, 3 and z directions be denoted by u,, 43 and u,,
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Fig. 1. A cylinder composite with a penny-shaped crack.

respectively. For an axially symmetric deformation field, the two nonzero displacement
components can be expressed in terms of wave potentials ,(r, 3, z) and Y (r, 9, z) as follows:
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where j = 1 refers to the cylinder with the crack and j = 2 to the surrounding material, and
t is the time. The four nontrivial stress components are given by
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in which 4; = 2u,v,/(1 —2v;) and y; are the Lamé coefficients and V? represents the operator
V2 = 8%jart+(1/r) (8/0r)+8%/0z*. The governing equations can thus be obtained from the
equations of motion which yield

J (o 0
(az)j 2 ja ( ¢1+ '//;+¢;)+ljvz¢j’

1 a( a_&) 2%, 1 d%,

rar\"ar )T o2 A T

3
l.".(,% W 013,
ror\ ar) r*7 8z ¢} ar*’

with ¢y = [(4;+2p;)/p;]"/* and ¢y = (u;/p,)"/* being the dilatational and shear wave speeds.
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Suppose that the penny-shaped crack is now loaded suddenly by a pair of normal
stresses of magnitude —o, such that the upper and lower crack surfaces move in the
opposite directions. Therefore, the boundary conditions may be written as

(T (r,0,0) =0 0<r<b), (4)
(0)1(r,0,0) = —aH() (0<r<a),
), (r,0,)=0 (a<r<b), &)

where H( ) is the Heaviside unit step function. Perfect bonding will be assumed along the
interface of material 1 and 2. The continuity conditions along r = b are

@)1(b, 2, 0) = (u)2(b, 2, 0), ©®
:)1(b, 2, 1) = (4,)2(b, 2, 1), Q)
(@)1(b, 2, 1) = (6,)2(b, 2, 1), @®
(T:)1(b,2,8) = (7,.)2(b, 2, 0). ©)

METHOD OF SOLUTION
Define a Laplace transform pair by the equations

f"‘(p)=£l S@We#dy,  f()=5— J S*(p) e dp, (10)
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in which Br stands for the Bromwich path of integration. The application of the first
equation of (10) to egns (3) yields
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The solutions to eqns (11) can be obtained as
o¥(r,z,p) = J Ay(s,pWo(rs) e™1* ds
]
+ L Ax(s, P)o(y117) cos (s2) ds,
© (12)
yt(r,z,p) = f By (s,p)J1(rs) e77» ds
0
+ f By(s, p)1(y2:17) sin (s2) ds,
0
o3(r.z,p) = J; Ci(5, P)Ko(712r) cos (sz) ds,
(13)

!"?("s Z:P) = j:o CZ(S9P)KI (}'22’) sin (SZ) dS,

$AS 22:10-7
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where 4, 4,, B,, B, and C,, C; are the unknowns to be determined, and the functions y,
and 7y, are given by

2\{/2 2\yz2
yu=<sz+£2-) , ?;,=<82+'-0T) . (14)

€y €2

In eqns (12), (13), J.( ), I,{ ) and K,( ) are the Bessel functions of the first kind and the
modified Bessel functions of the first and second kind of order n (n = 0, 1), respectively. In
the Laplace transform domain, eqns (4)—(9) become

(Trz)?(ra Oap) =0 (0 €r< b)a (15)

(62)?(r907p) = ""0'0/P (O £r< a)’

@)1 0,p) =0 (asr<b), (16)
()t (b,2,p) = ()3 (b, 2,p), (17)
(u)1(b, 2,p) = (,)3(b, 2, p), (18)
(0)1(b, 2,p) = (6)%(b, 2, p), (19)
()1, 2,p) = (t.)1(b, 2, p). (20)

Substituting eqns (12), (13) into (1), (2), one obtains the displacement and stress
expressions in the Laplace transform plane. The satisfaction of eqns (15) and (16) by these
expressions yields

Jw A(s, p)o(rs)ds =0 (r=a), 2n

0

2
OoC2y

j; SF(s, p)A(s, p)Jo(rs) ds = — m

- ._..___._.......gl' {(——~p2 b 2}’2 )] () r)A (s p)
pz(l""(z)Jo C%) e 7o
; 25)2!'10()‘21’)52(391’)} ds (r < a), (22)

where K = ¢3;/¢11,
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Through eqns (17)-(20), the unknowns A,(s,p) and B,(s,p) are related to the new par-
ameter A(s, p) by the equations

Az(s,p)=5.(s,p)J; g:(n, p)A(n, p) dn+36,(s, p) L g:(n,p)A(n,p) dn

a0

+53(s,p)£ g5(n,p)A(n,p) dn+54(s,p)j g4(n,p)A(n, p) dn,

0

Bz(s,p)zés(s,p)L g:1(n,p)A(n, p) dn+66(s,p)L g2(n,p)A(n,p) dn

+64(s.p) L 93(n,p)A(n, p) dn+04(s, p) L ga(n,p)A(n,p) dn, (25)
in which the quantities g;(n, p) (i = 1-4), d;(s,p) (i = 1-8) are given by eqns (Al), (A2) in
Appendix A.

The set of dual integral equations (21) and (22) may be solved and the result is

2 2 .2 1 .
AP = = s L ®(&.p) sin (sad) d¢. (26)

In eqn (26), the function ©(¢, p) is governed by the following Fredholm integral equation
of the second kind:

1
¢, p)+ ﬁ {Ki(&.n,p)+ K2 (&, P)}®(n,p) dyp = & @7

The kernel functions K, (&, n, p) and K,(&, », p) are given by

2 €0
K\(¢,n,p) = p L [F(g,p)- l] sin (s¢) sin (sn) ds, (28)

2 (® . , ) ,
K;(¢np) = 1—: L {G;G,p) sinh (y},¢) sinh (y1,1)
s ® ’ » 7 s M L . ’
+Gz(;,l’) sinh (y3,£) sinh (v;m)+03(;,p) sinh (¥1,¢) sinh (y3.7)

+Ga(§,l7) sinh (7%,€) sinh (y’zm)} ds, (29)

in which the functions G;(s,p) (i = 1-4), v, (i = 1,2) are obtained from eqns (A6), (A7)
in Appendix B.

We note that the kernel function K, (€, 5, p) is a semi-infinite integral which has a slow
rate of convergence, To evaluate the integral in eqn (28), we consider the contour integrals

-2 .
Ir, = Wé. Mw,y11,72) €™ sin(wd)dw (& <),

(30)
_2
I, = Wﬁ, M(w,77,70) e sin(wd) dw  (§ <),
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where

W +y5h) - 4wyl v,
21, (1 —k?)P?w

M(W,'}"l'h)’lz'l)= —19 (3])

M= OFHPEYE o = PO, PPl &
21
and the contours I', I'; are defined in Fig. 2. Since the integrals in eqns (30) satisfy Jordan’s
lemma on the infinite quarter circles and It + I, = 0, the kernel K, (¢, n, p) for ¢ < 5 can
be finally written as

P " (W=7 + 4T
K](é)"?P)—n(l_KZ)[J; ,fllllw

x ¢~P* sinh (Péw) dw-+ f 4wy, e~ sinh (ch)dw] E<n. (33)

K
in which the functions 71, and 3%, are

= @=-w)'2, = (1-wh)" (34)
The value of the kernel for £ > # is obtained by interchanging £ and n in eqn (33).

By making the shear modulus of a surrounding material to infinity, we solve the
transient problem of a penny-shaped crack in a cylinder that is bonded to a rigid body. In
this case, the J;(s, p) (i = 1-8) in eqns (25) are given by eqns (A9) in Appendix C. We can
also obtain the case of a cylinder with a penny-shaped crack by simply taking u, to be zero
in eqns (A2)-(AS5) in Appendix A.

The dynamic stress intensity factor may be determined by obtaining the asymptotic
stress near the crack periphery in the Laplace transform domain and then performing a
Laplace inversion. The dynamic singular stresses may be expressed as

N (r,9,T) ~ k(D cos 9—'(1 —sin $ sin ;9.),

2r, 2 2
(a,),(rl,S,,T)~]—c'—(—7—?cos§'-<l+sin&sin ES,), (35)
/2,.I 2 2 2

ki (1) cos g'— sin & cos és,,

\/2—?’1 2 2 2

(T2 (r,9,T) ~
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Fig. 3. Dynamic stress intensity factor versus time for u, = 0.0.

where r, and 3, are the polar coordinates defined as

ro=[r—a+2%", 9, =tan"' [ﬁ] (36)
and the dynamic stress intensity factor is
2 1 o(1,P) ,,
k\(T) = nao\/a 5 ), —p ¢ 9P (37)

Ineqn (37), T = ¢, t/a is the nondimensional time. Then a numerical scheme in {5] may be
used to evaluate the integral in eqn (37).

NUMERICAL RESULTS AND DISCUSSIONS

Numerical results have been calculated for the dynamic stress intensity factor. The
Poisson ratios v, v, and the ratio p, = p,/p, are taken to be v; = v, = 0.29 and p, = 1.0.
As T — oo and a/b — 0, k,(T) tends to the static solution (2/1:)00\/; for a penny-shaped
crack in an infinite solid. The stress intensity factors are normalized by (2/1:)0’0\/1_1.

Figure 3 exhibits the variation of the normalized dynamic stress intensity factor
k= k,(T')/(Z/n)aoﬁ with the normalized time T for u, = 0 and various a/b ratios. The
numerical results for uy = 0 do not coincide with the results by Chen[7]. It appears that
this has been caused by the kernel evaluation of the Fredholm integral equation which are
not performed by him and the numerical Laplace inversion. As the a/b ratio increases, the
peak value of £, also increases and occurs at a later time. Figure 4 shows the results for
Mo = 0. It is observed that as the a/b ratio increases, the peak value of £, decreases and
occurs at an earlier time. The inertia effect is remarkable for any ratio a/b.

The effect of the p, ratio on &, with T'is shown in Figs. 5 and 6 for the ratios a/b = 0.7
and 0.8. The peak values of £, are seen to increase and occur at a later time with decreasing
values of u,. For small y,, the inertia effect diminishes and the u, effect becomes dominant.



1144 H. Nozakl el al.

[2]

bz

1.0 k 4

\-
o T~ — |
05 N T
B \\
V. =029
00 20 a0 80 80

T

Fig. 4. Dynamic stress intensity factor versus time for uy, = co.
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Fig. 5. Dynamic stress intensity factor versus time for ¢/b = 0.7.
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Fig. 6. Dynamic stress intensity factor versus time for a/b = 0.8.
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The opposite effect is observed for large u,. The y, effect fora/b = 0.8 is more pronounced
than that for a/b = 0.7.

The inertia effect for this axisymmetric case is more pronounced than that for the plane
case[4].

In summary, the dynamic response of a cylinder composite with a penny-shaped crack
under normal impact is determined in this study. The solution is expressed in terms of the
dynamic stress intensity factor. The time-dependence of the local stress field is found to
depend on the material propertics and the geometrical parameters.
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APPENDIX A

The g:(n,p) (i = 1-4) and §,(s, p) (i = 1-8) in eqns (25) are
2 i 1

p) = 2’+”—)(~——~——)J bn),

91(n.p) n(n a )\ i i(bn)

2 2 2
[ ryiee) le2)
P \Cn €y €21
9:01.p) = 5 (2n’+——> +
2

(bm),
¢k n’+v% 473 ’
2 2
" [ZWz + %’ 2(012 + c%)
a:(n.p) = 3 22 (o).
' 2Lyl gl
2
m+ 2
I c3 2n? b
94(n,p) = 3 m - m o(bn), (Al)

2 1
d,(s.p) = z mmz,

2 1
oy(s,p) = — 2 m;)ﬁn

2 1 2 2
P = — -7 0+ Eo

R WE T A Al(s,p)Az(s,p)[“‘V“m’“’”

2 2
x {Ehzkr()’lzb)*‘ (2 +y3)Ko(7, zb)}——a.szl(o(y.zb) {E K\ (7220)

+2722Ko(7nb)}—“25{2711712K|(7|2b)Ko('Yzzb)— (s? +7§2)K1(an)Ko(V|zb)}],

2 Ho

6‘(3,1’) = P m

2
[‘N-"zKl('hzb){[_,)‘|1K|(Y|2b)
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P
— %25 CT Kl(‘r'lzb)k'l(}’z:b)]’
22

2
ds(p) = — Ao

de(s,p) = 2A.G7) o) a3,

2 1 2 2 Ho
04(s,p) = z “Az(s,p) B“J ~ mA,(s,p)Az(s,p)[aﬁuko(y“b)

2
X {E}’lzKl(?lzb)'*'(52+)‘§2)Ko(7|zb)} %SZKO(szb){ K\ (y220)
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a.svlz K 1(71:0)K, (an)] (A2)
where a,(s,p) (i = 1-4), A,(s,p) (i = 1,2) and p, are
(5.p) = u+mmmw»bmmmw+A(mH%u.mw
+(s? +Y§;)Ko(‘r'|zb)} {82 K\(y2b) o1 110)+711722K0(y 220 ) 1 (7110)}
- {%slﬁ(v:zb)+2rml(o(ynb)} {sv1:Ko¥120)1,(r118)
+5”/'12K1()')2b)lo(}’nb)}}s
02(5.) = =273 Lolrab) + 55l ) = ;Gﬁﬁﬂmxmm
+(52+'}’§2)Ko()’|2b)} {5721 K1 (22)6(y21) + 722K (r220)] 1 (y2:0)}
—{%xk.(vubnzwuxo(vub)} (Kol 5] o(r216)

+ 71270 K (7120)Me(y 21 8)} |,

ay(s,p) = —2sy 1(7||b)+A Gr [23Y12K|(V12b) {s2K (y220)o(y1:0)

+¥11722K0(7220) 1 (7, ,b)} — (793K (72:0) {571, Ko (1 20) 1 (71,8)
+57 2K, (7120)0(y, ,h)}],

2a(s,p) = (S +73)\ (y2:0) — [Z‘YuKl()‘ub) {s72:K, (2261 o(y2:)

+-7Y22K0(?zzb)lo(')’zlb)} "(S +932)K1(72:b) {s*Ko(y12bM(72,:0)

+712721Ki(11:6)0(72:0)}), (A3)
As,p) = 'Yn1)’22K|(Y)2b)Ko(7nb)—SZKI(?zzb)Ko(leb), (Ad)
Ay(s,p) = oo, ~as0s,
2]
=, AS
Ko i (A5)
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APPENDIX B

The ¥1y, ¥31 and G(s, p) (i = 1-4) in eqn (29) are

a1\12 252\112
™ —( +Eg-) , Y = (3 +I’_c__) s (A6)
T 2

2 2
Gi(s,p) = ‘% (C,',_%) - zﬂl)[‘sl(s»ﬁ)(ﬁf - ZYfl)Kn(b')’ll)

+8,(s, P) B Ku(h)’u) + "‘_(9_1,2 (z," - 27||>K by
34(5,p)
+ = ;T (C“ 27||>Ko(b7n):|

2
Ga(s.p) = 2a.\{65(s,p) (f— - 2vfl)x.(bv. )+ °“”') BKoby11)

. é
(; p) (E—— -2y} |>K Gy + .z(s”p) (c“ 29t |)Ko(b7n)]

2
Gi(s,p) = % (C%-l - 2)'%1) 16.1(5,p) (5" + 73K\ (by21) + 2635, )5y, Ko(by 1))

+83(5, P) K (by11) + 64(5, P)y21 Ko(b721)]s

Gu(s,p) = 25[85(s, p) (57 + 730K, (by21) + 284 (5, P)s?y2, Ko (7 11)

+85(5, P52 K (by21) + 8405, Y21 Ko (b721)), (A7)
where
I Y AR W zﬁ - 25 (A8)
P(1~x’ 2 ‘ ) )
APPENDIX C

The 6,(s, p) (i = 1-8) in eqns (25) for u, = o0 are

6 1 (S»P) = 0)
8y(s,p) =

8y(s,p) = z A' (s p)Tzllo(Vzlb),

84(5,p) = = 5L, (y2.b),

n A'( ,P)
65(-“”) =0,
66(s’p) =

8,(5,p) = - ——=slo(y1\b),

2
n A (s p)

63(s,p) = = =yl \(y.\b), (A9)

n A' ( .P)
where

AYs.p) = yirn (v, |b)lo(7’z|b)--"zlo(7| 10),(v2.b). (A10)
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